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Property Modelling
Theoretical aspects of the testing of
elasto-viscoelastic-viscoplastic materials
D. W. Holmes ∗, J. G. Loughran
School of Engineering, James Cook University, Douglas, Townsville, QLD,
Australia, 4811
Abstract
Through numerical simulation, a material with simultaneous, parallel elastic, vis-
coelastic and viscoplastic deformation characteristics has been studied. The main
aim of this research was to devise experimental means of isolating the component
stress contributions, thus facilitating internal variable calculation for constitutive
modeling. Component stress contributions from each of the three deforming modes
as well as subset separation of viscous, yield, isotropic and kinematic hardening
stresses for viscoplasticity are treated. During the study, several shortcomings of
current isolation methodology including relaxation and back-stress calculation tech-
niques have been discovered. The methodology within, addresses these and various
other complexities involved with the testing of time dependent, nonlinear materials.
Key words: Elasto-viscoelastic-viscoplastic, Mechanical testing, Stress isolation,
Back-stress, Isotropic and kinematic hardening
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1 Introduction
The loaded behavior of engineering materials is a particularly important field
of research, especially in modern industry where complex materials are finding
increasingly wide ranging applications. Generally, the deformation response
of materials can be categorized into modes that describe the nature of de-
formation, time-dependence and damage. Elasticity, plasticity, viscoelasticity
and viscoplasticity are all examples of deformation modes. Materials can ex-
hibit one or more of these deforming modes, often simultaneously. Complex
materials with simultaneous deformation modes do, however, pose significant
difficulty with regards to the isolation and measurement of individual mode
contributions from tests, be it for research or constitutive representation. Com-
plex testing regimes are generally required in such cases, however limited work
is published on the subject. Herein, particular attention is paid to materials
with simultaneous parallel elastic, viscoelastic and viscoplastic deformation
characteristics, as is often exhibited by semicrystalline polymers in the pre-
necking region (< 15% strain).
The experimental interrogation and constitutive modeling of semicrystalline
polymers has been the focus of many research publications. Authors such as
G’Sell and Jonas (1) pioneered constant strain rate testing of these types of
materials using stress relaxation and transient strain rate jumps between load-
ings to help understand time-dependence and plasticity. Similar techniques
were adopted by Kitagawa and co workers (2; 3). A more traditional tech-
nique to study viscoelasticity involves using creep and relaxation (4). More
∗ Corresponding Author.
Email address: david.holmes1@jcu.edu.au (D. W. Holmes).
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recently, creep tests have been used by Zhang and Moore (5; 6) in combination
with constant strain rate testing to phenomenologically fit elasto-viscoelastic
and viscoplastic models to polyethylene. In spite of the significant body of
research on fitting models to experimental results, the methodology has been
predominantly to fit models to total stress-strain data, until a two part publi-
cation by Brusselle-Dupend et al. (7; 8) on polypropylene. Brusselle-Dupend
utilized a variety of loading, relaxation, unloading and recovery type tests to
partially isolate specific deformation modes, thus allowing insight into the ac-
tual behavior of the material. Three-dimensionality was, however, not treated
and viscoplasticity was not incorporated in parallel, so further development of
the testing procedure is required. A generalized method to completely isolate
elastic, viscoelastic and viscoplastic deforming modes would greatly enhance
the ability to research and understand these materials.
A one-dimensional rheological representation of elasto-viscoelasto-viscoplasticity
is shown in Fig. 1 (9; 10). Some of the major difficulties with component re-
sponse separation can immediately be observed from this figure. Firstly there
are three independent expressions of elasticity (springs). Distinction between
each of these is particularly important to the behavior of each component;
however the contribution of each may not be easily discernable during testing.
Also, there are two viscous or time-dependent components (dash-pots) whose
separate contributions to time evolution may also not be immediately obvi-
ous. These difficulties are compounded by the presence of viscoplastic yield
and strain hardening.
Complex interactions between deformation modes results in significant diffi-
culty in generating experimental data to fit correspondingly complex constitu-
tive models. This has greatly limited the meaningful implementation of such
3
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models for numerical analysis. This paper presents a new testing methodol-
ogy for isolating the relative stress contributions of such a complex material
with the aim of facilitating more accurate constitutive modeling. Throughout
the progression of this research we have numerically implemented an elasto-
viscoelastic-viscoplastic model for three-dimensional large strain applications,
including kinematic and isotropic hardening using computational algorithms
that will be published elsewhere. The testing methodology proposed has been
developed using the computational model. Simulations of real uniaxial testing
procedures were used with arbitrarily chosen material parameters. All graph-
ics in this work are taken from these numerical results 1 . The major advantage
of using such a process to develop a testing regime was the ability to extract
the actual component stress values from the program for comparison and val-
idation. This insight allows confidence in the accuracy of the method. Tensile
testing techniques will be discussed followed by presentation of stress sepa-
ration methods for the elastic, viscoelastic and viscoplastic components. An
extension of back-stress type analysis methods (11; 12; 13) for the subset iso-
lation of viscous, yield, kinematic and isotropic hardening stress components
within the viscoplastic element is then treated.
1 Note numerical simulations use self consistent units; that is the system of units
used for the material parameters gives results in the same unit system. SI units have
been used arbitrarily within our simulations, however this is a wholly inconsequential
specification. All presented graphical results have unspecified units in view of this
generality.
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2 3D results from uniaxial testing
Of critical importance to accurate measurement of material response is correct
interpretation of tensile test results. One of the most widely used and available
methods of testing is the uniaxial tensile test (1; 7; 8; 14). For polymeric,
large strain applications, the most desirable format of such a test incorporates
closed loop strain control (14) in the tensile direction, as well as instantaneous
measurement of strain in the lateral direction(s) 2 . This can be done using
mechanical, laser or video extensometry (15; 16; 17; 18). Instantaneous lateral
strain measurement allows for true tensile stress calculations throughout the
testing and is also important for the three-dimensional interpretation of the
data which follows.
Many research papers treat the results of uniaxial experiments as being one-
dimensional in nature (see for example (1; 7; 8; 19)). This may be an inaccurate
assumption and could be a major contributor in the inability of such results to
be extended to account for three-dimensionality, particularly for large strains.
Referring to Fig. 2 (a), it is evident that because the uniaxial tensile speci-
men is unconstrained in the lateral dimensions during testing (axis 1 and 2),
total corresponding lateral stress is zero. Lateral strain is, however, nonzero
and providing the material is reasonably isotropic in nature, some lateral com-
pressive stress component must result. Explanation for this discrepancy comes
from the fact that all material deformation invokes a hydrostatic pressure on
the deforming material (20). For tensile loading, this pressure acts to increase
the volume and so a correspondingly positive volumetric stress acts equally
2 For cylindrical test specimens a single radial strain measurement is needed while
for rectangular test samples, measurement of width and thickness strain is necessary.
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in all material directions. In the uniaxial test case, this stress balances the
lateral compressive stresses. Total stress can thus be separated into volumet-
ric (directionally invariant) and deviatoric (directionally dependent) compo-
nents, a procedure treated at length in the computational mechanics literature
(10; 21; 22; 23; 24).
The governing equations for principal volumetric/deviatoric stress separation
are
σA = σvol + dev [σA] (1)
σvol =
σ1 + σ2 + σ3
3
(2)
dev [σA] = σ¯A = σA −
σ1 + σ2 + σ3
3
(3)
for A = 1, 2, 3, the principal directions. The separation of principal logarithmic
strain into volumetric and deviatoric components takes exactly the same form
with substitution of ε for σ in Equations 1,2 and 3. The resulting separated
stress-time and strain-time curves are given in Fig. 2 (b).
By calculating the volumetric and deviatoric stress and strain components
from uniaxial testing, non-zero three-dimensional stress/strain data can be
attained using common uniaxial testing equipment. Continuum mechanics
constitutive theories are most commonly expressed in terms of separated volu-
metric and deviatoric relationships (9; 10; 21; 22; 23) and each of these is able
to be fit from the uniaxial test results. When parallel deformation modes are
present, a volumetric and deviatoric constitutive relationship must be found
for each mode. A common practice in computational mechanics is to treat all
volumetric response as elastic and thus account for all time-dependence and
6
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plasticity within the deviatoric constitutive relationships (9; 22). Correspond-
ingly, only the deviatoric data set will be treated in what follows, however if
inelasticity is present in the volumetric response, this procedure can identically
be applied to the volumetric data set. Note also that, for the sake of clarity,
the methodology discussed herein deals with only one of the three deviatoric
principal stress directions. The procedure presented is intended to be repeated
for all other principal directions to fulfil the true three-dimensional data set.
3 Isolation of viscoelastic component stress
The measurement of viscoelastic contribution to total deforming stress has
been treated in detail by Brusselle-Dupend et al. (7; 8) for polypropylene.
Their procedure works on the premise that when conducting a constant strain
rate loading test up to some specified ultimate strain εult, viscoelastic compo-
nent stress will develop which will wholly relax if that strain were then held
constant for some relaxation period. By measuring the relaxed stress for a
variety of εult values, up to some maximum, the relaxed stress data points will
lie on the isolated viscoelastic component stress curve.
For materials with parallel elastic, viscoelastic and viscoplastic modes of de-
formation (Fig. 1), the accuracy of Brusselle-Dupend’s method relies on i)
the elementary assumption that elastic component stress remains constant
during a period of constant total strain and ii) a rather less elementary as-
sumption that there is also no (or negligible) viscoplastic relaxation. This
second assumption is however not necessarily consistent with what is known
about viscoplasticity from metals research whereby viscoplastic relaxation has
been experimentally observed (see for example (25)). The amount of this re-
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laxation is largely influenced by the degree of strain hardening and is often
non-negligible when compared to that of the viscoelastic element. This fact
has been further confirmed during our numerical experiments. Consequently,
modification of the method of Brusselle-Dupend to isolate viscoelastic stress
is required for it to be more representative in the presence of a simultaneous
viscoplastic contribution.
Viscoplastic relaxation will be negligible generally only when strain hardening
is sufficient to immobilize viscous evolution, either prior to, or as an instan-
taneous result of initiating reverse loading (i.e. relaxation). For monotonic
loading, this is the case for pre-yield, but generally not for loading after the
onset of plasticity. It is possible, however, to condition a material such that
hardening is sufficiently high.
Cyclic loading is often used in plasticity research to develop and test strain
hardening (26; 9). Here, isotropic hardening increases with each cycle, ulti-
mately to a point where all subsequent element response is elastic. The strain-
time profile of a cyclic stress conditioning prior to a relaxation test is shown in
Fig. 3. Strain is applied cyclically between εult in tension and some compressive
strain εcomp. By cycle n− 1, viscoplastic strain hardening has increased to the
level that for subsequent cycle n the viscoplastic element behaves elastically
and so, after subsequent reloading, relaxation will be wholly viscoelastic. Of
critical importance to this method is that the viscoelastic stress profile follows
exactly the same path for each cycle. Because viscoelastic stress begins at zero
(point 0, Fig. 3), viscoelastic stress must return to zero at the end of each cycle
(points 1, 2, ..., n). This can be achieved via the correct selection of εcomp.
To find εcomp, several trials may need to be carried out. Referring to Fig. 4, one
8
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cycle follows the path a, b, c, d. The specification of εcomp defines the position
of c and d. The aim is for there to be zero viscoelastic stress at the end of the
loop (point d) which can be confirmed by conducting a relaxation period at
zero total strain at this point 3 . If viscoelastic stress is zero as required, then
stress will remain constant during relaxation 4 . Too small a value of εcomp
will result in positive relaxation and too large a εcomp will result in negative
relaxation as is illustrated in the figure. Hence, a suitably close value for εcomp
can be found using relatively few trial estimates.
With a suitable εcomp value, cyclic conditioning prior to relaxation can be
carried out with no alteration of the initial viscoelastic stress path. An example
of the resulting stress strain data (deviatoric) is shown in Fig. 5. A sufficient
number of cycles are performed when consecutive maximum stress values,
corresponding to εult, are within a suitable tolerance of one another. The
subsequent relaxation stress can then be used in an analogous manner to that
by Brusselle-Dupend et al. (7; 8).
An important consideration in the interpretation of data, such as from Fig.
5, is in regards to the form of strain measured. Ideally, uniaxial deviatoric
strain should be controlled during testing. Unfortunately, deviatoric strain is a
function of all principal directions of the test specimen, as has been discussed in
Section 2. The resulting strain control would thus need to be functional on all
three dimensions of strain readings, a largely impractical requirement. Instead,
careful treatment of total uniaxial strain control data can assure accuracy. The
most significant implication of this is in regards to relaxation. Referring to Fig.
3 The viscoplastic element is assumed elastic and so will have no contribution to
this relaxation, providing total stress at d is small.
4 Total stress may be nonzero at this point because of plasticity.
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5, while the total uniaxial strain is held constant during the relaxation period,
clearly deviatoric strain increases (for tension). By splitting the response into
viscoelastic (ve) and combined elastic and viscoplastic (e + vp) components
(Fig. 6), it can be seen that this increase in deviatoric strain results in an
increase in σ¯e+vp, meaning the relaxed stress or σ¯ve(apparent) underestimates
the actual viscoelastic stress, σ¯ve corresponding to ε¯ult. While this is the case,
the end point of the relaxation at (ε¯relax, σ¯relax) remains on the combined e+vp
curve. By developing a set of stress and strain data points on this curve, the
result can be subtracted from the total response curve to give the correct
viscoelastic stress component.
The discontinuity between total strain control during testing and the actual
deviatoric strain result has an effect on various other conventions of traditional
testing, including the accuracy of constant applied strain rate. This is however
outside the scope of this research. For completeness, is it worthwhile to note
that this behavior also affects relaxation at zero strain as in Fig. 4, however
we have observed this affect to be negligible in all numerical test cases to date
and so no correction has been treated here.
4 Separation of elastic and viscoplastic component stresses
There is significant difficulty associated with the separation of elastic and vis-
coplastic components of stress. Direct isolation is theoretically possible in the
absence of strain hardening using infinitely low strain rate testing, however
this is not the case when hardening is present. Unlike in the viscoelastic case,
viscoplastic evolution results from a complex combination of viscous, yield and
isotropic and kinematic hardening stress contributions and as such its direct
10
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distinction from the elastic component of stress is impossible. Measurement
of the exact contributions of each deformation mode is particularly impor-
tant if a constitutive representation is to reproduce phenomena like unloading
and recovery accurately. This section presents a method using realistic test-
ing procedures and iterative data manipulation to separate the elastic and
viscoplastic components of stress.
The procedure that follows is made possible by the assumption that the vis-
coplastic element elastic potential is linear 5 . This is a common convention in
computational mechanics (22; 9). Any deviations of the total elasticity from
linearity can be accounted for in the potentials of the elastic or viscoelastic
elements. Such deviations are, however, inferred to be small for polymeric
materials in the ranges of strain being treated here (pre-necking region, see
(19; 7; 8)). As such, very little loss of generality is predicted to result from the
assumption.
4.1 Initial elastic stress estimate
The first step in the procedure is to get an initial, plausible range estimate for
the elastic component of stress. It is an elementary conclusion that the elastic
stress curve must lie somewhere within the combined elastic and viscoplastic
forward loading curve, σ¯e+vp (Section 3). Further refinement can be achieved
by finding the curvature of the elastic stress-strain curve.
5 Note, this has no effect on the nonlinearity of the viscous evolution or harden-
ing potentials of the viscoplastic element, only that the ‘spring’ component of the
element has a linear stress-strain relationship
11
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It has been commonly observed in the literature (see for example Dickson et al.
(11) and Feaugas (12) for plasticity and Neu et al. (13) and Brusselle-Dupend
et al. (7; 8) for viscoplasticity) that a linear region exists in the unloading
curve of purely plastic materials. For viscoplastic materials the bounds of this
linear region correspond to where forward viscous evolution ends and where
backward viscous evolution begins. Within the linear region, the viscoplastic
element behaves elastically. The implication for materials with simultaneous
viscoelastic and viscoplastic response is that within this elastic region of vis-
coplastic unloading, any stress relaxation becomes wholly viscoelastic. Because
it is the linear region that is of interest here, points on the σ¯e+vp curve in this
region can then be generated using load-unload-recovery tests as in Section 3
but without the need for cyclic conditioning. The linear region of viscoplas-
tic unloading will result in a quasi-linear region on this combined elastic and
viscoplastic curve. Any deviation from linearity in this section can be wholly
attributed to the curvature of the elastic response curve. This curvature can
be measured as a vertical difference from a line tangential to the quasi-linear
region at its origin. This will be the same vertical difference as between the
elastic response curve and a tangent to it at the same strain. Using geometric
techniques, this deviation can be combined with that from one or more simi-
lar tests, taken to different levels of ultimate strain, to generate the curvature
of the complete elastic curve 6 . While the angle of any tangent to the elastic
curve is unknown, the evident limitations on it will result in a reduced elastic
range.
6 Note here that the elastic unloading stress-strain curvature is found and, due to
the nature of elasticity, this is identical to its forward loading counterpart. Conse-
quently, the forward loading elastic curvature can be determined.
12
Ac
ce
pte
d m
an
us
cri
pt 
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
Referring to Fig. 7 (a), for the case where the elastic curve has decreasing
slope, the maximum limit of the elastic range will not exceed the σ¯e+vp curve
at any point and the minimum limit will have a positive slope at all points.
It can be seen from the figure that these two limitations reduce the range
of possible elastic stress values from that known initially. Fig. 7 (b) and (c)
indicate two other possibilities for elastic response curvature for the linear case
and the case of increasing slope, respectively. The refinement of the elastic
stress curve range and the explicit specification of its curvature are useful for
what follows.
4.2 Testing regime
Two additional types of experimental tests are required for the isolation of
elastic and viscoplastic stress components. The first of these is a loading-
unloading-recovery test. Referring to Fig. 8, loading (up to some specified
ε¯ult) and unloading is carried out at the same constant strain rate magnitude.
Unloading proceeds until zero total stress is observed at which point that stress
is held at zero for a period of recovery. The strain measurements before and
after recovery (ε¯a and ε¯b, Fig. 8) are of particular importance. This type of test
must be repeated for multiple ε¯ult values up to the maximum strain required.
The number and spacing of these tests must be adequate to gain sufficient
resolution on the desired isolated stress curves as will become apparent.
There are several possible implementations of the second test required. The
aim of this test is to provide the combined elastic and viscoplastic unloading
curve stress component, σ¯e+vp, corresponding to the strain at the onset of
recovery, ε¯a (i.e. σ¯e+vp (ε¯a), see Fig. 9). In almost all conceivable cases of strain
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in the pre-necking region, kinematic hardening will be small enough for the
viscoplastic element deformation to be in the elastic range when total stress
returns to zero. As a result, monotonic load-unload-relaxation testing can be
used to locate σ¯e+vp points in analogous form to that discussed in Section
4.1. Specification of the exact point where relaxation should be initiated is
made difficult by the previously discussed shift in deviatoric strain during total
strain control, stress relaxation. The most direct account for this is achieved
by carrying out several tests with relaxation periods defining points on the
σ¯e+vp curve either side of that required. Interpolation between the points will
then provide the exact stress measurement required (‘Direct method’, Fig. 9).
Carrying out several relaxation tests for each recovery strain corresponds to a
significant number of experiments. A more efficient alternative involves carry-
ing out a single load-unload-relaxation test for each recovery test, beginning
the relaxation period at or near the point of zero stress (point a). An ap-
proximation for σ¯e+vp (ε¯a) can then be made based on the nature of recovery.
At ε¯a, while total stress is zero, component stresses need not be. During re-
covery, non-zero viscoelastic stress drives its relaxation such that ultimately
only elastic and viscoplastic stress components are left. Component stress re-
distribution during this process drives strain recovery. Because only elastic
and viscoplastic stresses are present at the end of recovery, it can be used as a
point on the σ¯e+vp curve. By tracing a line from this point b, through the point
of relaxation from a, an approximation to the required stress data point will
exist where the line intersects ε¯a; ‘Approximate method’, Fig. 9. Any error
with this approximation will relate to the curvature of the elastic stress (see
Section 4.1). This too could be incorporated into the calculations for a totally
accurate result, however the error involved will in most cases be small.
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Each of these methods should yield a sufficiently accurate value for σ¯e+vp (ε¯a).
In the case where the elastic stress curve is highly nonlinear, the direct method
may be superior, in most other cases the approximate method will suffice.
4.3 The viscoplastic element modulus
It is the processing of the data acquired in Section 4.2 above that enables the
explicit elastic and viscoplastic stress components to be attained. For clarity,
the methodology that follows is presented as a graphical technique, however
development of an algebraic analogue is a trivial extension.
Initially choosing a single recovery test set (ε¯a, ε¯b and σ¯e+vp (ε¯a)) it can be
seen that
σ¯e+vp (ε¯a) = σ¯e (ε¯a) + σ¯vp (ε¯a) (4)
This relationship can be represented graphically as in Fig. 10 where any verti-
cal section A−A will satisfy Equation 4. For convenience, we will refer to this
diagram as an X diagram. Algebraically, σ¯e (ε¯a) and σ¯vp (ε¯a) are functional
on one another but are unknown and so have an infinite range. Suppose that
the elastic stress curve is known, then for any σ¯e (ε¯a) stress component, the
X diagram can be used to calculate the companion viscoplastic stress com-
ponent, σ¯vp (ε¯a). This is demonstrated in Fig. 11 where for some strain ε¯a,
the σ¯e+vp (ε¯a) and σ¯e (ε¯a) values are projected from the stress-strain curve (a),
onto the X diagram (b), the corresponding viscoplastic value is found and
returned to the stress-strain plot.
Using the arbitrarily chosen elastic stress curve from Fig. 11 (a), the strains
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before and after recovery are known (ε¯a and ε¯b), therefore the change in elastic
stress, ∆σ¯e (∆ε¯), during relaxation is also known, Fig. 12 (a). As was done for
the single data point in Fig. 11, here both stress points can be projected
onto the X diagram (Fig. 12 (b)) to calculate the corresponding change in
viscoplastic stress during relaxation, ∆σ¯vp (∆ε¯). It is important to note that
the elastic stress corresponding to the end of recovery, σ¯ (ε¯b), is projected
onto the σ¯e+vp (ε¯b) = 0 line on the X diagram because, as noted previously,
the combined elastic and viscoplastic stress curve is always zero at the end of
recovery.
The most important step here is to recall that the viscoplastic element behaves
elastically during the entire recovery period. Consequently, the change in the
elastic component of viscoplastic strain during the recovery will be equal to
the change in total strain, i.e.
∆ε¯ evp = ∆ε¯ (5)
Because the elastic potential of the viscoplastic element has been assumed
linear, the elastic modulus, Evp, will be constant and thus can be defined from
any and all i = 1, 2, ..., n recovery test sets as
Evp =
∆σ¯vp
∆ε¯ evp
∣∣∣∣∣
i=1,2,...,n
=
∆σ¯vp
∆ε¯
∣∣∣∣
i=1,2,...,n
(6)
Carrying out the procedure in Fig. 12 to calculate Evp for i = 1, 2, ..., n sets
of data, an average value for the viscoplastic modulus can be attained that is
representative of the entire range of strain of interest. This process is carried
out in Fig. 13. Graphically, the average Evp value can be attained by plotting
∆σ¯vp (∆ε¯)|i, against ∆ε¯|i and calculating the slope of a linear trend-line (Fig.
16
Ac
ce
pte
d m
an
us
cri
pt 
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
14). It is pertinent to note that because the viscoplastic modulus is equal for
all magnitudes of strain, its value is solely dependent on the elastic stress
curve that was initially chosen. This functionality is denoted by Evp (σ¯e). It is
this relationship that can be exploited to establish the explicit components of
elastic and viscoplastic stress, as presented in the next section.
4.4 Elastic and viscoplastic stress and strain components
The previous section has established the relationship between an arbitrarily
chosen elastic stress curve and the viscoplastic modulus. Because the viscoplas-
tic potential is linear, this can be extended to calculate the elastic and plastic
components of viscoplastic strain during loading via
ε¯ evp =
σ¯e+vp − σ¯e
Evp
(7)
ε¯ pvp = ε¯− ε¯
e
vp (8)
where all values correspond to that from forward loading.
Conventionally, it has been assumed that the residual strain in an elasto-
viscoelastic-viscoplastic materials after recovery (ε¯b in Section 4.2) is equiva-
lent to the maximum plastic strain developed during loading (i.e. that accu-
mulated at ε¯ult, see (7; 8)). From Equation 8, however, it can be inferred that
the accuracy of such an assumption would be offset by any elastic component
of viscoplastic strain present after recovery (non-zero if ε¯b 6= 0). Hence, in all
numerical test cases to date, we have observed such an offset to become signif-
icant only in the later stages of plastic evolution. Within the initial stages of
plastic deformation (within pre-necking region), the assumption that residual
17
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recovery strain is equivalent to the generated plastic component of viscoplastic
strain is accurate.
Knowing the value of ε¯ pvp at the early stages of viscoplastic evolution and
knowing the subsequent relationships back to Evp and σ¯e from Equations 7
and 8, and Section 4.3, it is possible to define the explicit values for elastic and
viscoplastic stress components as required. This will be done graphically using
the most basic form of trial estimate and correction, however it is conceivable
that a numerical analogue may also be possible.
In Section 4.1, a range for the elastic stress curve was developed and its actual
curvature was determined. Using the known curvature of the elastic stress, it
is possible to evenly divide this range into multiple possible curves between
the maximum and minimum known limits. An example of such a division
is illustrated in Fig. 15 (a). Proceeding with the X diagram method (Fig.
15(b) 7 ) to determine the various possible viscoplastic modulus values (Fig.
15(c)), Equations 7 and 8 are then used to determine the corresponding ε¯ pvp
curves, Fig. 15(d).
Superimposed on Fig. 15(d), are the residual strain values left after recovery.
As noted before, these points approximate the plastic component of viscoplas-
tic strain generated during forward loading and as such are plotted against
the time to maximum forward strain (ε¯ult). It is evident from the figure that
the approximate plastic strain curve, ε¯pvp(approximate), lies between the second
7 Only the elastic stress curves corresponding to ε¯a|i, i = 1, 2, ..., n have been shown.
The other points have been generated as in Section 4.3 but are omitted from the
figure for clarity.
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and third trial curves. Thus
ε¯ pvp
(
Evp
(
σ¯e(2)
))
> ε¯ pvp > ε¯
p
vp
(
Evp
(
σ¯e(3)
))
(9)
and correspondingly
σ¯e(2) < σ¯e < σ¯e(3) (10)
Clearly, the range for σ¯e has been significantly reduced during this process. If
necessary, σ¯e(2) and σ¯e(3) can be used as the updated minimum and maximum
elastic stress curves and the process can be repeated with subsequent iterations
converging toward more accurate values for σ¯e, Evp and ε¯
p
vp. As has been
the case for the example shown here, the variability of the approximation
ε¯b ≃ ε¯
p
vp may limit this type of further refinement. The most practical way
to circumvent this is to carry out this procedure at two or more strain rates
(generally the maximum and minimum rates of interest) and take average
values for σ¯e within where the two calculated end ranges intersect. This will
give exact values for σ¯e and subs quently Evp and ε¯
p
vp.
Recalling from Section 3 that the combined elastic and viscoplastic loading
curve, σ¯e+vp is known then
σ¯vp = σ¯e+vp − σ¯e (11)
and all required stress components have been isolated.
The accuracy of the isolated stress components found using the presented
methodology is evident from comparison with the actual values output from
the numerical simulation, Fig. 16. Relatively few assumptions were required
to arrive at this outcome, with the result being a more comprehensive account
19
Ac
ce
pte
d m
an
us
cri
pt 
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
of the deforming behavior of such materials than has been possible in previous
research of this nature (7; 8).
5 Measurement of subset viscoplastic viscous, yield and hardening
stresses
There exists a significant amount of published research concerned with the
isolation of subset stress components for plastic and viscoplastic materials
(see for example (7; 8; 11; 12; 13)). In plasticity these subset stresses are
commonly referred to as back and effective stress, referring to the translation
and radius of the yield surface respectively (12). From a continuum mechanics
standpoint, back stress is associated with kinematic hardening, while effective
stress refers to the combined measures of yield stress and isotropic hardening.
In viscoplasticity, a fourth stress component is present, accounting for viscous
evolution. The explicit separation of viscoplastic stress into four components;
yield stress (σ¯y), kinematic hardening stress (σ¯kin), isotropic hardening stress
(σ¯iso) and viscous or dash-pot stress (σ¯d−p), is a largely theoretical convenience
as from a micro-mechanical perspective it is more common to think of yield
and hardening as being one entity. Hence, the constitutive behaviors of each
are indeed independent (or at least separate) and so individual measurement is
quite valuable. We manipulate back-stress type isolation methodology to this
end in what follows (see Simo and Huges (10) for more on the components of
viscoplasticity).
As was the case in the previous section, data from numerical simulations
were used to gain insight into the actual mechanism of the isolation testing
method. From a load-unload test, the viscoplastic stress and the relative subset
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stress components (σ¯y, σ¯kin, σ¯iso and σ¯d−p) are shown in Fig. 17. ¿From the
methodology presented in previous sections it is possible to define the following
values from such a test:
(1) the value of viscoplastic stress at yield, Y
(2) the whole viscoplastic loading curve, 0 to A, and
(3) the linear section of unloading stress and correspondingly its bounds, B
and C.
It is the aim of the back-stress isolation methodology to calculate the subset
viscoplastic components at the end of loading (A). By carrying out such tests
across a range of peak stress values (strain controlled), data points on each
component stress curve can be defined. Because the values of viscoplastic stress
(σ¯vp) at Y , A, B and C can be measured from tests, these values can be used
to calculate the required component values.
Conventional back-stress isolation methodology applied to this circumstance
exploits the following observations
σ¯vp|Y = σ¯y (12)
σ¯vp|A = σ¯d−p + σ¯y + σ¯iso + σ¯kin (13)
σ¯vp|B = σ¯y + σ¯iso + σ¯kin (14)
σ¯vp|C = −σ¯y − σ¯iso + σ¯kin (15)
Simultaneous solution of Equations 12 to 15 enables the calculation of the four
unknown subset stress components.
There is an evident discrepancy with Equations 12 to 15 whereby for the
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method to calculate the component stresses at A, σ¯y, σ¯iso and σ¯kin must all
remain constant during initial unloading (A to B). Clearly from the figure this
is not the case. In the early stages of unloading, while steadily decreasing in
magnitude, forward viscous plastic evolution continues until B. As a conse-
quence, the strain hardening quantities σ¯iso and σ¯kin, correspondingly continue
to increase until the end of forward plastic strain evolution. Assuming σ¯iso and
σ¯kin to be constant over this period results in significant error; in the case of
Fig. 17, this error is of the order of 50%.
Amending Equations 12 to 15 to account for the change in σ¯iso and σ¯kin from
A to B
σ¯vp|Y = σ¯y (16)
σ¯vp|A = σ¯d−p + σ¯y + σ¯iso + σ¯kin (17)
σ¯vp|B = σ¯y + σ¯iso +∆σ¯iso + σ¯kin +∆σ¯kin (18)
σ¯vp|C = −σ¯y − σ¯iso −∆σ¯iso + σ¯kin +∆σ¯kin (19)
where σ¯y, σ¯kin, σ¯iso and σ¯d−p are the true values at A and where ∆σ¯iso =
σ¯iso|B − σ¯iso|A and ∆σ¯kin = σ¯kin|B − σ¯kin|A.
We now have six unknown values with only four equations and, hence, a unique
solution cannot be achieved. This deficiency can be resolved by exploiting the
useful outcome from Section 4.4 that, given the viscoplastic stress and elastic
relationship, the elastic and plastic components of viscoplastic strain can be
found, i.e.
ε¯evp =
σ¯vp
Evp
(20)
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ε¯pvp = ε¯− ε¯
e
vp (21)
Thus, the plastic components of viscoplastic strain at A and B (i.e. ε¯pvp
∣∣∣
A
and
ε¯pvp
∣∣∣
B
) can be calculated. A common convention in computational plasticity is
to assume the relationship between kinematic and isotropic hardening stresses
and the plastic component of viscoplastic strain to be linear (10; 27). Here we
will adopt a similar assumption as a means to achieving our objective. This
assumption can be implemented as follows
ε¯pvp
∣∣∣
A
ε¯
p
vp|B
=
σ¯iso|A
σ¯iso|B
=
σ¯iso
σ¯iso +∆σ¯iso
(22)
and likewise
ε¯pvp
∣∣∣
A
ε¯
p
vp|B
=
σ¯kin|A
σ¯kin|B
=
σ¯kin
σ¯kin +∆σ¯kin
(23)
Because the plastic strain components at A and B are known, Equations 22
and 23 can be solved simultaneously with Equations 16 to 19 to result in a
unique solution for the four subset stress components at A.
A weakness with the theory proposed here is that the hardening moduli are
assumed linear when this may not be the case for real materials. This being
said, within the range of strains being discussed, there is only a small likelihood
that nonlinearity would be severe enough to affect the result significantly.
Given the degree of error associated with the conventional back-stress method,
any correction, linear or otherwise, would result in a considerable increase in
accuracy to that used previously and so is worthwhile.
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6 Closure
The testing and data manipulation methodology presented here makes pos-
sible the total isolation of mode stress components for elasto-viscoelastic-
viscoplastic materials. While complex in nature, this involved method is justi-
fied by the extremely complex response of such materials as is widely reported
in the literature. While the method proposed is extensive, the actual tests it
requires can be easily carried out using no more specialized testing apparatus
than would be available in most commercial or university structural laborato-
ries.
Using the methodology of Section 2, the subsequently discussed data manipu-
lation methods can be applied to all deviatoric principal directions and indeed
to the volumetric response if required, to allow fully three-dimensional isolated
stress sets to be generated. As a result, truly three-dimensional constitutive
relationships can be fitted which are of great benefit to computational imple-
mentations, particularly within an industrial environment.
The method proposed uses very few simplifications and assumptions when
contrast to other published methods of this type (for example (5; 6; 7; 8)).
In doing this, it makes possible significant increases in accuracy and scope by
comparison.
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Fig. 1. One-dimensional elasto-viscoelastic-viscoplastic rheological model.
Fig. 2. Square cross-sectioned uniaxial tensile test sample showing corresponding
(a) total stress-time and logarithmic stain-time response, and (b) stress-time and
logarithmic strain-time with separated volumetric and deviatoric components.
Fig. 3. Total logarithmic strain control profile for cyclic load-unload test ending
with a stress relaxation period.
Fig. 4. Total stress, total logarithmic strain curve for a single conditioning loop to
calculate εcomp.
Fig. 5. Example of deviatoric stress, deviatoric logarithmic strain curve for a cyclic
conditioning test to isolate the viscoelastic component of stress.
Fig. 6. Interpretation of relaxation test data accounting for the slip in deviatoric
logarithmic strain resulting from the use of total, uniaxial strain control.
Fig. 7. Reduced elastic range utilizing measured curvature and the limits on it for
an elastic curve of (a) decreasing slope, (b) constant slope and (c) increasing slope.
Fig. 8. Load-unload-recovery testing.
Fig. 9. Combined elastic and viscoplastic component of stress at the beginning of
recovery and the Approximate and Direct methods of its calculation.
Fig. 10. X diagram representation of Equation 4.
Fig. 11. Calculation of the viscoplastic stress component corresponding to a known
elastic stress component via projection between (a) the stress-logarithmic strain
curve and (b) the X diagram.
Fig. 12. Calculation of the change in viscoplastic stress corresponding to the change
in elastic stress during relaxation via projection between (a) the stress-logarithmic
strain curve and (b) the X diagram.
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Fig. 13. Calculation of the change in viscoplastic stress for all n = 4 sets of experi-
mental data via projection between (a) the stress-logarithmic strain curve and (b)
the X diagram.
Fig. 14. Change in viscoplastic stress during recovery against change in total loga-
rithmic strain during recovery showing the subsequently calculated average Evp.
Fig. 15. Calculation of the plastic component of viscoplastic logarithmic strain using
X diagram methodology showing the relative (a) stress-logarithmic strain curves,
(b) the X diagram, (c) the resulting viscoplastic modulus curves and (d) the calcu-
lated plastic component of viscoplastic logarithmic strain vs time.
Fig. 16. Comparison of the isolated elastic and viscoplastic forward loading stress
components found using the X diagram methodology with the actual values output
from the numerical analysis.
Fig. 17. Components of viscoplastic stress during a load-unload simulation showing
regions of importance for back-stress isolation technique.
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